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DEFORMATIONS OF HOPF ALGEBRAS BY PARTIAL ACTIONS
GRASIELA MARTINI, ANTONIO PAQUES AND LEONARDO DUARTE SILVA
Abstract. In this work we study the deformation of a Hopf algebra H by a
partial action of H on its ground field k through the partial smash product
algebra k#H. We introduce the concept of λ-Hopf algebra such as a Hopf
algebra obtained as a partial smash product algebra, as well as we show that,
indeed, every Hopf algebra is a λ-Hopf algebra. Moreover, we develop a method
to compute partial actions of a given Hopf algebra on its ground field and, as
an application, we exhibit all partial actions of such type for some families of
Hopf algebras.
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1. Introduction
The first notion of partial action that appeared in the literature was the partial
action of groups on algebras. In fact, this concept appears in the setting of operator
algebras, in the R. Exel’s seminal paper [17], whose aim was to describe the struc-
ture of suitable C∗-algebras with the unitary circle S1 acting by automorphisms.
In [15], M. Dokuchaev and R. Exel presented the notion of a group acting partially
on an algebra, carrying it to the purely algebraic context. From this previous work,
the partial group actions aroused the attention of many other researchers. In par-
ticular, M. Dokuchaev, M. Ferrero and the second author developed in [16] a Galois
MSC 2020: 16T05, 16T99, 16S40, 16S99, 16W99.
Key words and phrases: Deformation of a Hopf algebra, λ-Hopf algebra, partial action,
partial smash product algebra.
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theory for commutative ring extensions. Such a work motivated S. Caenepeel and
K. Janssen [12] to extend it to the context of Hopf algebras.
The notion of partial actions continued gaining visibility, and also several appli-
cations and extensions to other settings, as grupoids [8] and categories [2], among
many others, as can be noticed in [14]. In the partial Hopf actions theory, as in any
theory, the examples constitute a fundamental part for the understanding and de-
veloping of them. An interesting example of partial action is given through scalars,
that is, a Hopf algebra H partially acting on a k-algebra A through a partial action
of H on k. Precisely, if · : H ⊗ k −→ k is a partial action of H on k, then H acts
partially on an algebra A via ⇀: H ⊗A −→ A given by h ⇀ a := (h · 1k)a. In fact,
many authors have been succeeded to characterize this particular case of partial
action, even in more general settings. See, for instance [13, Lemma 4.1], [2, Section
3.2] and [3, Examples 2.3 - 2.5]. However, even with this characterization, still few
concrete examples are known in the literature.
Another point of interest which has always been involved with the concept of
actions are deformations, and it gains new horizons when carried to the partial
setting. Given a global action of H on A, the corresponding smash product algebra
A#H actually is a deformation of the algebraA⊗H by such an action. In particular,
since the only global action of H on k is given by the counit of H , the corresponding
smash product algebra k#A coincides with the algebra k⊗H ≃ H , that is, there
are no deformations of H using global actions in this way, except it own. However,
in the partial setting, the partial smash product algebra k#H no more coincides
with k ⊗ H ≃ H , that is, using a partial (not global) action of H on k one can
produce in fact a non trivial deformation of H .
In this work we deal with deformations of this type, that is, deformations of a
Hopf algebra H by partial actions of H over its ground field k. Because of that,
more than to investigate the algebra k#H , we also study the partial actions of
Hopf algebras over its ground field. In particular, we have increased the source of
examples as well as we characterized some specific properties of partial actions of
this type.
This paper is divided as follows: First we recall some definitions and results
about partial actions of a Hopf algebra H on an algebra A. Moreover, the partial
smash product algebra A#H , which is the result of the deformation of the algebra
A ⊗ H under a partial action of H on A, is presented. We focus particularly
when A is the ground field k. Some guiding examples are presented and important
notations are fixed. Then, we dedicate a section to study partial actions of a Hopf
algebra over its ground field. Some properties for this type of partial action are
developed, a method to calculate them is presented and examples are exhibited. So,
in the last section, we investigate the partial smash product algebra, obtaining a
characterization of the conditions under which such a deformation results in a Hopf
algebra. The concept of a λ-Hopf algebra is introduced, some results concerning it
are developed and several examples are done using the previously computed partial
actions.
Notation. Let k be an algebraically closed field of characteristic zero. In this work,
we will always deal with algebras over k. Moreover, H always will denote a finite-
dimensional Hopf algebra. The set G(H) will represent the grouplike elements of H .
We call by (g, h)-primitive element an element x ∈ H such that ∆(x) = x⊗g+h⊗x,
with g, h ∈ G(H). In particular, note that a(g − h) is a (g, h)-primitive element
DEFORMATIONS OF HOPF ALGEBRAS BY PARTIAL ACTIONS 3
for all a ∈ k, which we call a trivial (g, h)-primitive element of H , and we denote
by Pg,h(H) the set of all non-trivial (g, h)-primitive elements of H . We shortly
write G(H) and Pg,h(H) as G and Pg,h, respectively, whenever there is no risk of
confusion. Finally, for a ∈ A, b ∈ B, where A and B are two given algebras, we
write a, b ∈ A⊗B to mean a⊗ 1B, 1A ⊗ b ∈ A⊗B.
2. Preliminaries
We exhibit here some definitions and preliminaries results about partial actions
of a Hopf algebra H on an algebra A. Some examples are presented and some
notations are introduced.
Definition 2.1. [4, Subsection 2.1] A (left) partial action of a Hopf algebra H on
an algebra A is a linear map · : H ⊗ A −→ A, denoted by h · a := ·(h ⊗ a), such
that:
(i) 1H · a = a;
(ii) h · ab = (h1 · a)(h2 · b);
(iii) h · (k · a) = (h1 · 1A)(h2k · a),
for all h, k ∈ H and a, b ∈ A. We say that A is a (left) partial H-module algebra.
The (left) partial action is symmetric if in addition, we have
(iv) h · (k · a) = (h1k · a)(h2 · 1A),
for all h, k ∈ H and a ∈ A. In this case, we say that A is a symmetric (left) partial
H-module algebra.
Clearly, global actions are the simplest examples of partial actions.
The definition of a (right) partial action is introduced in an analogous way.
However, throughout this work we deal only with (left) partial actions. Thus, from
now on by a partial action we will mean a (left) partial action.
There exists a characterization for partial actions of H on k, where k is the
ground field of the Hopf algebra H , given by a linear map λ of H∗ = Homk(H, k).
In fact, this map gives rise to an important source of examples to the partial ac-
tion theory, in several settings, for example in partial actions of group algebras
on (co)algebras, partial actions of weak Hopf algebras on (co)algebras and partial
actions of Hopf algebras on categories (see [3, 4, 9, 13] for details). The characteri-
zation given in the theorem below is more general. In fact, in [13] one can see that
H is a weak Hopf algebra. However, we choose to present this result requiring that
H being a Hopf algebra, since we deal only with such algebras in this work.
Theorem 2.2. [13, Lemma 4.1] Let H be a (weak) Hopf algebra. Then, k is a
partial H-module algebra if and only if there exists a linear map λ ∈ H∗ such that
λ(1H) = 1 and
λ(h)λ(k) = λ(h1)λ(h2k), (2.1)
for all h, k ∈ H. Moreover, the corresponding partial action is symmetric if and
only if the linear map λ satisfies the additional condition
λ(h)λ(k) = λ(h1k)λ(h2), (2.2)
for all h, k ∈ H.
Since H⊗k ≃ H , we can also assume the same notation λ for the corresponding
partial action of H on k induced by the given map λ ∈ H∗, and it is given by
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λ(h⊗ 1k) = λ(h) for all h ∈ H . From now on by a partial action of a Hopf algebra
H on its ground field k we mean a linear map λ ∈ H∗ such that λ(1H) = 1 and
satisfies condition (2.1) from Theorem 2.2 above. Furthermore, such a partial action
λ is called symmetric if condition (2.2) is also satisfied.
Remark 2.3. If λ ∈ H∗ is a partial action of H on k, then λ is an idempotent
element in the convolution algebra H∗. Indeed,
λ2(h) = [λλ](h) = λ(h1)λ(h2) = λ(h),
for all h ∈ H . Hence, λ2 = λ.
The following are all the explicit examples of the partial actions λ known in the
literature:
Example 2.4. [2, Example 3.7] Let G be a group. The partial actions λ of kG on
k are parametrized by subgroups of G. Indeed, if N is a subgroup of G, then δN is
a partial action of kG on k, where δN : kG −→ k is given by δN (g) = 1, if g ∈ N
and δN (g) = 0, if g /∈ N , for all g ∈ G. Conversely, let λ be a partial action of kG
on k. Then, the subset N = {g ∈ G |λ(g) 6= 0} = {g ∈ G |λ(g) = 1} is a subgroup
of G, and so λ = δN .
We fix some notation here. Using the correspondence of the previous example,
given N a subgroup of G, we denote by λN the partial action of kG on k, given by
λN = δN . In particular, λG = δG = εkG is the global action of kG on k.
Example 2.5. [2, Subsection 3.2] Let G be a finite group. A similar situation, as
above, also occurs whenever we replace kG by (kG)∗, that is, the partial actions λ of
(kG)∗ on k are parametrized by the subgroups of G. Indeed, if {g∗ | g ∈ G} denotes
the dual linear basis for the canonical linear basis {g | g ∈ G} of kG, then for each
subgroup N of G, the linear map λ : (kG)∗ −→ k given by λ(g∗) = 1/|N |, if g ∈ N
and λ(g∗) = 0, if g /∈ N , for all g ∈ G, is a partial action of (kG)∗ on k. Conversely,
let λ be a partial action of (kG)∗ on k. Then, the subset N = {g ∈ G |λ(g∗) 6= 0}
is a subgroup of G. In this case, it is known that λ(g∗) = 1/|N |, for all g ∈ G.
Example 2.6. [12, Proposition 4.10] Let g be a Lie algebra and U(g) its universal
enveloping algebra. Then, every partial U(g)-module algebra A is in fact a global
one. That is, there is no genuine partial actions (i.e., a partial action that is not a
global one) of U(g) on any algebra A. In particular, if λ is a partial action of U(g)
on k, then λ is necessarily the counit of U(g).
Example 2.7. [2, Example 3.8] Consider H4 the Sweedler Hopf algebra. Precisely,
H4 is the algebra generated by g and x satisfying the relations g
2 = 1, x2 = 0 and
xg = −gx. The set {1, g, x, gx} is a linear basis for H4, g is a grouplike element
and x is a (1, g)-primitive element of H4. Thus, it is straightforward to check
that for any α ∈ k the map λα : H4 −→ k given by λα(1) = 1k, λα(g) = 0 and
λα(x) = λα(gx) = α is a partial action of H4 on k. Moreover, these are all partial
actions of H4 on k, i.e., if λ is a partial action of H4 on k, then λ = ε (and so it is
the global one) or λ = λα, for some α ∈ k.
In this work we are interested in deformations of a Hopf algebra H , via partial
actions λ of H on k. Precisely, we will study the partial smash product algebra
k#H . For this purpose, we start recalling that given any global H-module algebra
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A, via an action ⊲ : H ⊗A −→ A, we can endow the tensor product A⊗H with an
algebra structure induced by
(a⊗ h)(b ⊗ g) = a(h1 ⊲ b)⊗ h2g,
for a, b ∈ A and h, g ∈ H . This structure is denoted by A#H and called the smash
product algebra of A with H . We tipically denote by a#h the element a⊗h ∈ A#H .
In particular, note that k#H = H . Now, in the partial case, that is, when A is
partial H-module algebra via · : H ⊗A −→ A, A#H is not a unital algebra, since
1A#1H is only a left unit.
Definition 2.8. [12, Section 4] Let A be a partial H-module algebra via · : H ⊗
A −→ A. Then, the vector subspace A#H = (A#H)(1A#1H) is a unital algebra
with the multiplication induced by
(x#h) (y#g) = x(h1 · y)#h2g,
for all x, y ∈ A, h, g ∈ H , where (x#h) = (x#h)(1A#1H) = x(h1 · 1A)#h2 is a
typical element of A#H and the unit is given by 1A#1H . The unital algebra A#H
is called the partial smash product of A with H .
In the particular case that A = k, we know that a partial action of H on k is
a linear map λ ∈ H∗ satisfying λ(h)λ(k) = λ(h1)λ(h2k) and λ(1H) = 1k, for all
h, k ∈ H , according Theorem 2.2. Thus, the partial smash product of k with H ,
k#H , is generated by {1k#h |h ∈ H}. Also, note that 1k#h 1k#k = 1k#λ(h1)h2k
and 1k#h = 1k#λ(h1)h2, for all h, k ∈ H .
For example, consider G a group, N a subgroup of G, H = kG and the partial
action λN of kG on k, as in Example 2.4. Then, k#kG = kN .
3. Properties and examples of the partial actions λ
So far we know, only the partial actions λ presented in Examples 2.4, 2.5, 2.6
and 2.7 are known in the literature. For this reason, in this section we develop some
properties and exhibit the partial actions λ of some families of Hopf algebras.
3.1. Properties of the partial actions λ. This subsection is dedicated to the
study of the partial actions λ. We present some properties that a partial action λ
must satisfy, mainly on the values that λ assumes on grouplikes and skew-primitive
elements.
The following proposition is the general situation, for any Hopf algebra H , of
the fact that occurs when H is a group algebra (see Example 2.4).
Proposition 3.1. Let λ : H −→ k be a partial action. Then, N = {g ∈
G(H) |λ(g) = 1} is a subgroup of G(H). In particular, if g ∈ G(H) is such that
λ(g) = 1, then λ(gi) = 1, for each i ∈ Z. Moreover, if g ∈ G(H) has prime order p
and λ(g) = 0, then λ(gi) = 0, for each i ∈ Z such that mdc(i, p)=1.
Proof. Clearly 1H ∈ N = {g ∈ G(H)|λ(g) = 1}. Suppose that g, h ∈ N , that is,
λ(g) = λ(h) = 1. By equation (2.1) from Theorem 2.2 we obtain λ(h)λ(h−1) =
λ(h)λ(hh−1) = λ(h)λ(1H), and so λ(h
−1) = 1 and therefore h−1 ∈ N . We also
know that λ(g)λ(h) = λ(g)λ(gh), and then λ(gh) = 1, i.e. gh ∈ N . Thus, N is a
subgroup of G(H).
In particular, if g ∈ G(H) satisfies λ(g) = 1, then g ∈ N . Consider 〈g〉 = {gi|i ∈
Z} the subgroup generated by g. Since g ∈ N , we get that 〈g〉 is a subgroup of N ,
and so λ(gi) = 1, for all i ∈ Z.
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Suppose now that gp = 1 and λ(g) = 0, where p ∈ Z is a prime. In this case,
g /∈ N and 〈g〉 = {1, g, g2, ..., gp−1} is the ciclic group of order p. Since N ∩ 〈g〉 is
a subgroup of 〈g〉, we know that N ∩ 〈g〉 = {1} or N ∩ 〈g〉 = 〈g〉. Since g /∈ N , we
obtain N ∩ 〈g〉 = {1}, and thus λ(gi) = 0, whenever mdc(i, p) = 1. 
Proposition 3.2. Let λ : H → k be a partial action. If g, t ∈ G(H) and u ∈ H,
then:
a) λ(g) = 1 or λ(g) = 0;
b) λ(g−1) = λ(g);
c) λ(g−i) = λ(gi), for all i ∈ Z;
d) If λ(g) = 1, then λ(gu) = λ(u);
e) If λ(g) = λ(t) = 1, then λ(gt) = λ(tg) = 1;
f) If λ(g) = 1, then λ(gi) = 1, for all i ∈ Z;
g) If λ(gs) = 1, then λ(gi+s) = λ(gi), for all i ∈ Z;
h) If λ(gs) = 0, then λ(gi) = 0 or λ(gi+s) = 0, for all i ∈ Z.
If x ∈ Pg,t(H), then:
i) If λ(g) = λ(t), then λ(x) = 0;
j) If λ(x) = 0 and λ(t) = 1, then λ(xu) = 0, for all u ∈ H;
k) If λ(x) = 0 and λ(t) = 1, then λ(xi) = 0, for all i ∈ Z, i ≥ 1;
l) If λ(g) = 1, then λ(gix) = λ(x), for all i ∈ Z;
m) If λ(g) = 1 and λ(t) = 0, then λ(xt−1) = −λ(x);
n) If λ(g) = 0 and λ(t) = 1, then λ(xg−1) = −λ(x).
Moreover, if g and t commute one with each other, then:
o) If λ(g) = 1 and λ(t) = 0, then λ(tix) = 0 or λ(ti) + λ(ti+1) = 1, for all
i ∈ Z;
p) If λ(g) = 0 and λ(t) = 1, then λ(gix) = 0 or λ(gi) + λ(gi+1) = 1, for all
i ∈ Z;
q) If λ(g) = λ(t) = 0, then λ(g−1t−1x) = 0.
Proof. Let u ∈ H , g, t ∈ G(H) and x ∈ Pg,t(H). The strategy for the proof of the
above items is apply equation (2.1) with good choices of elements h, k ∈ H . We
provide the elements chosen according to each case:
a) h = g and k = 1H .
b) By the previous item, λ(g) ∈ {0, 1}. For λ(g) = 1, we consider h = g and
k = g−1. For λ(g) = 0, we choose h = g−1 and k = g.
c) First we choose h = g−i and k = gi and then we compare the result obtained
with the result considering h = gi and k = g−i.
d) h = g and k = u.
e) Straightforward by the previous item.
f) Straightforward by Proposition 3.1.
g) h = gs and k = gi.
h) h = gi and k = gs.
i) h = x and k = 1H .
j) h = x and k = u.
k) Straightforward by the previous item.
l) h = gi and k = x.
m) h = xt−1 and k = t.
n) h = x and k = g−1.
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For the next items, suppose in addition that gt = tg.
o) h = tix and k = 1H .
p) h = gix and k = 1H .
q) h = g−1t−1x and k = 1H .

Proposition 3.3. Let λ : H → k be a partial action and t ∈ G(H). Then,
λ(t)λ(v) = λ(t1)λ(t2v), for all v ∈ H.
Proof. Since t ∈ G(H), we know that ∆(t) = t⊗ t, and so λ(t)λ(v) = λ(t1)λ(t2v) =
λ(t)λ(tv). By Proposition 3.2, item a), we get λ(t) = 1 or λ(t) = 0. If λ(t) = 0 it
is clear. Suppose that λ(t) = 1. Then, by Proposition 3.2, item d), we obtain that
λ(tv) = λ(v), for each v ∈ H , and so the equation holds. 
Proposition 3.4. Let λ : H → k be a partial action, g, h ∈ G(H) and x ∈ Pg,h(H).
Suppose that λ(g) = 1 and λ(h) = 0. Then, λ(x)λ(v) = λ(x1)λ(x2v), for each
v ∈ H.
Proof. Suppose that x ∈ Pg,h(H), where g, h ∈ G(H), with λ(g) = 1 and λ(h) = 0.
Since ∆(x) = x⊗g+h⊗x, then λ(x)λ(v) = λ(x1)λ(x2v) = λ(x)λ(gv)+λ(h)λ(xv).
Now, by the hypothesis λ(h) = 0, λ(x)λ(v) = λ(x)λ(gv), for each v ∈ H , and
since λ(g) = 1, it follows by Proposition 3.2, item d), that λ(gv) = λ(v), and so
λ(x)λ(v) = λ(x1)λ(x2v) it is satisfied for every v ∈ H . 
Proposition 3.5. Let λ : H −→ k be a partial action, t ∈ G(H) and h ∈ H. If
λ(t) = 1, then λ(h)λ(k) = λ(h1)λ(h2k) if and only if λ(th)λ(k) = λ((th)1)λ((th)2k),
for each k ∈ H.
Proof. First suppose λ(h)λ(k) = λ(h1)λ(h2k), for k ∈ H . Then
λ((th)1)λ((th)2k) = λ(th1)λ(th2k) = λ(h1)λ(h2k) = λ(h)λ(k),
where the first equality follows since t ∈ G(H), and the second equality holds by
Proposition 3.2, item d).
Conversely, suppose λ(th)λ(k) = λ((th)1)λ((th)2k), for k ∈ H . Since t ∈ G(H),
the previous equation is equal to λ(th)λ(k) = λ(th1)λ(th2k). Since by item d)
of Proposition 3.2 we know that λ(tu) = λ(u), for all u ∈ H , it follows that the
equation λ(th)λ(k) = λ(th1)λ(th2k) is equivalent to λ(h)λ(k) = λ(h1)λ(h2k). 
3.2. About the computations of the partial actions λ. By Theorem 2.2, we
know that to calculate a partial action λ of H on k, where H is a finite dimensional
Hopf algebra with dimk(H) = n, is equivalent to solve a (non-linear) system of n
2
equations and n variables, given by equation (2.1). However, few partial actions λ
are known in the literature (cf. Section 3 §1).
The purpose here is to obtain partial actions λ for some Hopf algebras as those
in Examples 2.4, 2.5, 2.6 and 2.7. Based on this examples, we developed a method
that, joint with the properties of the previous subsection, is efficient for such a
purpose. The method is an algorithm that is based in a simple remark: When H
partially acts on an algebra A, then its restriction to any Hopf subalgebra B of H
still is a partial action of B on A. We will record this fact in the particular case
that A is the ground field k of H :
Remark 3.6. Each partial action λ of a Hopf algebra H on k, when restricted to
a given Hopf subalgebra B of H , λ|B , is a partial action of B on k.
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Based in Remark 3.6, the method that we use to find all partial actions λ of H
on k consists in first determining all partial actions of the Hopf subalgebra kG(H)
on k, and then to check the possibility of extending them to the whole algebra
H . Note that to compute all partial actions of kG(H) on k is relatively simple,
since they are parameterized by subgroups of G(H), as in Example 2.4. Then, the
properties of the previous subsection are useful for extending any partial action λ
of kG(H) on k to the whole Hopf algebra H , in particular if H has a linear basis
generated by grouplike and skew-primitive elements.
The Method:
Consider H a finite dimensional Hopf algebra with dimk(H) = n. To find all
partial actions of H on k, we look for all the linear map λ : H −→ k satisfying
λ(1H) = 1k and λ(h)λ(k) = λ(h1)λ(h2k), for all h, k ∈ H, according to Theorem
2.2. It is equivalent to solve a non-linear system of n2 equations and n variables
(∗), given by the equation λ(h)λ(k) = λ(h1)λ(h2k), with h, k ∈ B, where B is a
linear basis of H. Note that the set of partial actions of H on k is non-empty,
since there is at least the global action given by the counit ε, which is in particular
a partial one. Suppose that λ ∈ H∗ is a partial action of H on k. In particular,
λ(1H) = 1k always occurs. Our task now is to calculate the value of λ(x) for every
x ∈ H, or equivalently the value of λ(x) for every x in a linear basis of H. Firstly,
by Remark 3.6 we have that λ|kG(H) is a partial action of kG(H) on k, and then
λ|kG(H) is parameterized by some subgroup of G(H), as in Example 2.4. Moreover,
it is known that G(H) is a linearly independent subset in H, and so it can be
extended to a linear basis B of H. Thus, we start analysing the partial actions of
the group algebra kG(H) on k, and we attempt to extend them to whole linear basis
B. So, for each subgroup N of G(H), we have a partial action λN well-defined for
the elements of G(H), according to Example 2.4. It remains to check whether it is
possible to extend this partial action λN to the other n − |G(H)| elements of the
linear basis B. At this point, the properties established in the propositions in the
previous subsection play an important role, contributing in two ways:
(1) establishing the values for the other elements of the base B; and
(2) reducing the number of equations of the system (∗).
Remark 3.7. In fact, we could use any Hopf subalgebra B of H in the method
above described, instead of the Hopf subalgebra of the grouplike elements of H ,
namely kG(H). The question is that, in general, we do not know the Hopf subalge-
bras B of H , distinct from kG(H), neither the partial actions λ of B over its ground
field k. Moreover, many families of Hopf algebras are constructed from group al-
gebras kG, such as the Hopf-Ore extensions. So, the method like above described,
considering the Hopf subalgebra B of H as kG(H), is effective for many families of
Hopf algebras. For example, we will see in Subsection 3.3 all the partial actions λ
for H being a pointed non-semisimple Hopf algebra, whose dimk(H) = 8, 16.
Example 3.8. To illustrate the method, we reobtain the partial actions of the
Sweedler Hopf algebra H4 on its ground field, previously exhibited in Example
2.7. Firstly, remember that B = {1, g, x, gx} is a linear basis of H4 and G(H4) =
{1, g} = C2 (where Cn, n ≥ 1, denotes the cyclic group of order n). Thus, we have
two partial actions λN of kC2 on k, given by N = {1, g} and N = {1}. It remains
to check whether it is possible to extend these partial actions to the whole algebra
H4.
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(1) If N = {1, g}, then by item i) of Proposition 3.2, we conclude that λN (x) =
λN (gx) = 0, because x ∈ P1,g, gx ∈ Pg,1 and λN (1) = λN (g) = 1. Thus, in
this case, we quickly get that λ{1,g} = ε.
(2) If N = {1}, then we can not say anything about λ{1}(x) e λ{1}(gx). We
denote the partial action λ{1} simply by λ. So, we need to solve a non-linear
system of 42 = 16 equations given by
λ(u)λ(v) = λ(u1)λ(u2v), (3.1)
where u, v ∈ B. However, for u ∈ G(H4) we know by Proposition 3.3 that
equation (3.1) holds. Thus, the initial system is reduced to 8 equations,
given by equation (3.1) with u ∈ {x, gx} and v ∈ B. Now, since x ∈ P1,g,
λ(1) = 1 and λ(g) = 0, it follows by Proposition 3.4 that equation (3.1) with
u = x is satisfied for all v ∈ B. Therefore, the system given by equation
(3.1) is reduced to 4 equations only, considering u = gx and v ∈ B. Hence,
equation (3.1) results only
λ(gx)λ(v) = λ((gx)1)λ((gx)2v) = λ(gx)λ(gv) + λ(gxv),
for all v ∈ B. Then, for v = g in above equation we obtain that λ(x) =
λ(gx). So, verify that the above equation holds for other elements v ∈ B it
is an easy calculation. Hence, in this way we obtain the partial action of
H4 on k given by λ(1) = 1, λ(g) = 0 and λ(x) = λ(gx) = α, where α ∈ k
can be chosen arbitrarily. Denoting this partial action by λα, we obtain the
partial actions showed in Example 2.7.
As the properties of the previous subsection deal mainly with a partial action λ
valued on grouplikes and skew-primitive elements, it is expected that the method
will be effective mainly for a Hopf algebra generated by elements of these types,
as illustrated through the above example. Fortunately, several families of Hopf
algebras are of this type. Thus, using the method and the properties of the previous
subsection, we were able to determine all partial actions on the ground field of some
families of Hopf algebras, as can be seen in the following subsection.
3.3. Partial actions λ of the pointed non-semisimple Hopf algebras H,
with dimk(H) = 8, 16. In this subsection we exhibit the partial actions λ of all
pointed non-semisimple Hopf algebras H , with dimk(H) = 8, 16. Furthermore, we
also denote simply by λN the partial action ofH on k obtained from an extension of
the partial action λN of kG(H) on k, where N is a subgroup of G(H). In particular,
for N = G(H) we have λG(H) = εH .
The 8-dimensional Hopf algebras was classify independently by [21] and [19,
Theorem 3.5], but we will follow the notation and presentation for the five (up
to isomorphism) 8-dimensional pointed non-semisimple Hopf algebras as given in
[10, Subsection 4.1], based on [19] and listed below
A2 = 〈g, x, y, | g
2 = 1, x2 = y2 = 0, xg = −gx, yg = −gy, yx = −xy〉, where
g ∈ G(A2) and x, y ∈ P1,g(A2);
A′4 = 〈g, x, | g
4 = 1, x2 = 0, xg = −gx〉, where g ∈ G(A′4) and x ∈ P1,g(A
′
4);
A′′4 = 〈g, x, | g
4 = 1, x2 = g2 − 1, xg = −gx〉, where g ∈ G(A′′4 ) and x ∈
P1,g(A
′′
4 );
A′′′4,q = 〈g, x, | g
4 = 1, x2 = 0, gx = qxg〉, where q is a primitive root of unity
of order 4, g ∈ G(A′′′4,q) and x ∈ P1,g2(A
′′′
4,q);
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A2,2 = 〈g, h, x, | g
2 = h2 = 1, x2 = 0, xg = −gx, xh = −hx, hg = gh〉, where
g, h ∈ G(A2,2) and x ∈ P1,g(A2,2).
We observe that the subscript index in each Hopf algebra described above rep-
resents its grouplike subalgebra.
Theorem 3.9. All the partial actions of the pointed non-semisimple Hopf algebras
of dimension 8 over its ground field k are given in the tables below, where α, β, γ ∈ k
and γ2 = −1:
Table 1. Partial actions of A2 on k
1 g x y gx gy xy gxy
λG(A2) = εA2 1 1 0 0 0 0 0 0
λ{1} 1 0 α β α β 0 0
Table 2. Partial actions of A′4 on k
1 g g2 g3 x gx g2x g3x
λG(A′
4
) = εA′
4
1 1 1 1 0 0 0 0
λ{1,g2} 1 0 1 0 α α α α
λ{1} 1 0 0 0 0 0 0 0
Table 3. Partial actions of A′′4 on k (γ
2 = −1)
1 g g2 g3 x gx g2x g3x
λG(A′′
4
) = εA′′
4
1 1 1 1 0 0 0 0
λ{1,g2} 1 0 1 0 α α α α
λ{1} 1 0 0 0 γ 0 0 γ
Table 4. Partial actions of A′′′4,q on k
1 g g2 g3 x gx g2x g3x
λG(A′′′
4,q)
= εA′′′
4,q
1 1 1 1 0 0 0 0
λ{1} 1 0 0 0 α 0 α 0
λ{1,g2} 1 0 1 0 0 0 0 0
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Table 5. Partial actions of A2,2 on k
1 g h gh x gx hx ghx
λG(A2,2) = εA2,2 1 1 1 1 0 0 0 0
λ{1} 1 0 0 0 α α 0 0
λ{1,gh} 1 0 0 1 α α α α
λ{1,h} 1 0 1 0 0 0 0 0
λ{1,g} 1 1 0 0 0 0 0 0
Proof. The calculations for the partial actions λ presented in the tables is a routine
computation as performed in Example 3.8. Let’s just do the computations for the
partial actions of A′′4 on k, as this is the first case where a conditional relation for
the value of the partial action on a skew-primitive is required.
Note that B = {1, g, g2, g3, x, gx, g2x, g3x} is a linear basis of A′′4 and G(A
′′
4 ) =
{1, g, g2, g3} = C4. Thus, we have three partial actions λ of kC4 on k, given by the
subgroups {1, g, g2, g3}, {1, g2} and {1}. We will analyze the possibility to extend
each partial actions of kG(A′′4 ) = kC4 on k associated to these subgroups to the
whole algebra A′′4 .
(1) If N = {1, g, g2, g3}, then by item i) of Proposition 3.2, we conclude that
λN (x) = λN (gx) = λN (g
2x) = λN (g
3x) = 0, because x ∈ P1,g, gx ∈ Pg,g2 ,
g2x ∈ Pg2,g3 , g
3x ∈ Pg3,1 and λN (1) = λN (g) = λN (g
2) = λN (g
3) = 1.
Hence, we conclude that λ{1,g,g2,g3} = εA′′
4
;
(2) IfN = {1, g2}, then by item d) of Proposition 3.2, we obtain that λN (g
2x) =
λN (x) and λN (g
3x) = λN (gx) = 0. Now we need verify the equation
λN (u)λN (v) = λN (u1)λN (u2v),
where u, v ∈ B. However, we know that this equation holds for u ∈
{1, g, g2, g3} by Proposition 3.3, and also holds for u ∈ {x, g2x} by Proposi-
tion 3.4. Moreover, Proposition 3.5 guarantees that if we check for u = gx
then it is automatically checked for u = g3x. So,
λN (gx)λN (v) = λN (gx)λN (gv) + λN (gxv)
for all v ∈ B. For v = g, we get that λN (gx) = λN (x) and so λN (x) =
λN (gx) = λN (g
2x) = λN (g
3x). Now, to verify that equation also holds for
the other elements v ∈ B it is an easy calculation;
(3) If N = {1}, then by item i) of Proposition 3.2 we have λ{1}(gx) = 0 and
λ{1}(g
2x) = 0. Denoting λ{1} simply by λ, we need to solve a non-linear
system of 82 = 64 equations given by
λ(u)λ(v) = λ(u1)λ(u2v), (3.2)
where u, v ∈ B. By Proposition 3.3, we know that this equation holds for
all v ∈ B if u ∈ G(A′′4 ) and by Proposition 3.4 also holds for all v ∈ B if
u = x.
For u = gx, g2x, equation (3.2) results on
λ(gx)λ(v) = λ(gx)λ(gv) + λ(g2)λ(gxv)
and
λ(g2x)λ(v) = λ(g2x)λ(g2v) + λ(g3)λ(g2xv)
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respectively, and since λ(g2) = λ(g3) = λ(gx) = λ(g2x) = 0, this equations
hold trivially. Thus, the initial system given by equation (3.2) is reduced
to 8 equations, only for u = g3x and v ∈ B. Precisely,
λ(g3x)λ(v) = λ(g3x)λ(g3v) + λ(g3xv),
where v ∈ B. For v = 1 it is clear. For v = g in above equation we
get λ(x) = λ(g3x). Knowing this, we can quickly verify that the above
equation holds for v = g2, g3 and x. Now for v = gx, using the previously
computed values and the multiplication rules of the algebra, one get the
relation λ(x)2 = −1. So, the equation is verified for v = g2x and v = g3x,
and the only conditional relation required in addition to λ(x) = λ(g3x) and
λ(gx) = λ(g2x) = 0 is λ(x)2 = −1.
Therefore, the partial actions of A′′4 on k are given as in Table 3. 
The 16-dimensional pointed non-semisimple Hopf algebras were classified by [11,
Subsection 2.5], and there exist 29 isomorphism classes, all of them listed below.
However, we will adopt a notation and presentation for these Hopf algebras given
by generators and relations similar to those in [1, Subsection 3.3.1]. Furthermore,
we denote G(H), Pg,h(H) and εH shortly by G, Pg,h and ε, respectively, since the
Hopf algebra H it is obvious on each case:
H1 = 〈g, x, y, z | g
2 = 1, x2 = y2 = z2 = 0, ab = −ba〉, where a, b ∈
{g, x, y, z}, a 6= b, g ∈ G and x, y, z ∈ P1,g;
H2 = 〈g, x, y | g
4 = 1, x2 = y2 = 0, xg = qgx, yg = qgy, yx = −xy〉, where q
is a primitive root of unity of order 4, g ∈ G and x, y ∈ P1,g2 ;
H3 = 〈g, x, y | g
4 = 1, x2 = y2 = 0, xg = qgx, yg = −qgy, yx = −xy〉, where
q is a primitive root of unity of order 4, g ∈ G and x, y ∈ P1,g2 ;
H4 = 〈g, x, y | g
4 = 1, x2 = y2 = 0, xg = −gx, yg = −gy, yx = −xy〉, where
g ∈ G and x, y ∈ P1,g;
H5 = 〈g, x, y|g
4 = 1, x2 = 0, y2 = g2−1, xg = −gx, yg = −gy, yx = −xy〉, where
g ∈ G and x, y ∈ P1,g;
H6 = 〈g, x, y | g
4 = 1, x2 = 0, y2 = g2− 1, xg = −gx, yg = −gy, yx = −xy+ g2−
1〉, where g ∈ G and x, y ∈ P1,g;
H7 = 〈g, x, y | g
4 = 1, x2 = 0, y2 = 0, xg = −gx, yg = −gy, yx = −xy〉, where
g ∈ G, x ∈ P1,g and y ∈ P1,g3 ;
H8 = 〈g, x, y|g
4 = 1, x2 = 0, y2 = g2−1, xg = −gx, yg = −gy, yx = −xy〉, where
g ∈ G, x ∈ P1,g and y ∈ P1,g3 ;
H9 = 〈g, x, y | g
4 = 1, x2 = y2 = g2 − 1, xg = −gx, yg = −gy, yx = −xy〉,
where g ∈ G, x ∈ P1,g and y ∈ P1,g3 ;
H10 = 〈g, x | g
4 = 1, x4 = 0, xg = qgx〉, where q is a primitive root of unity
of order 4, g ∈ G and x ∈ P1,g;
H11 = 〈g, x | g
4 = 1, x4 = 0, xg = −qgx〉, where q is a primitive root of
unity of order 4, g ∈ G and x ∈ P1,g;
H12 = A2 ⊗ kC2, where we will consider H12 as
〈g, x, y, |g2 = 1, x2 = y2 = 0, xg = −gx, yg = −gy, yx = −xy〉 ⊗ 〈h|h2 = 1〉;
H13 = 〈g, h, x, y | g
2 = h2 = (gh)2 = 1, x2 = y2 = 0, xg = −gx, yg =
−gy, xh = hx, yh = −hy, yx = −xy〉, where g, h ∈ G and x, y ∈ P1,g;
H14 = H4 ⊗H4, where H4 is the Sweedler Hopf algebra. Precisely, consider
H14 = 〈g, x | g
2 = 1, x2 = 0, xg = −gx〉 ⊗ 〈h, y | h2 = 1, y2 = 0, yh = −hy〉;
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H15 = 〈g, h, x, y|g
2 = h2 = (gh)2 = 1, x2 = y2 = 0, yx = −xy, ab = −ba〉, where
a ∈ {x, y}, b ∈ {g, h}, g, h ∈ G, x ∈ P1,g and y ∈ P1,h;
H16 = 〈g, h, x, y|g
2 = h2 = (gh)2 = 1, x2 = y2 = 0, yx = −xy + gh − 1, ab =
−ba〉, where a ∈ {x, y}, b ∈ {g, h}, g, h ∈ G, x ∈ P1,g and y ∈ P1,h;
H17 = H4 ⊗ k(C2 × C2), where we will consider H17 as
〈g, x | g2 = 1, x2 = 0, xg = −gx〉 ⊗ 〈 a, b | a2 = b2 = (ab)2 = 1 〉;
H18 = 〈g, x | g
8 = 1, x2 = 0, xg = −gx〉, where g ∈ G and x ∈ P1,g;
H19 = 〈g, x | g
8 = 1, x2 = 0, xg = qgx〉, where q is a primitive root of unity of
order 8, g ∈ G and x ∈ P1,g4 ;
H20 = 〈g, x | g
8 = 1, x2 = 0, xg = qgx〉, where q is a primitive root of unity of
order 4, g ∈ G and x ∈ P1,g2 ;
H21 = 〈g, x | g
8 = 1, x2 = 0, xg = qgx〉, where q is a primitive root of unity of
order 4, g ∈ G and x ∈ P1,g6 ;
H22 = 〈g, x | g
8 = 1, x2 = g2 − 1, xg = −gx〉, where g ∈ G and x ∈ P1,g;
H23 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = 0, xg = −gx, xh = hx〉, where
g, h ∈ G and x ∈ P1,g;
H24 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = 0, xg = gx, xh = −hx〉, where
g, h ∈ G and x ∈ P1,gh;
H25 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = 0, xg = qgx, xh = hx〉, where q
is a primitive root of unity of order 4, g, h ∈ G and x ∈ P1,g2 ;
H26 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = 0, xg = gx, xh = −hx〉, where
g, h ∈ G and x ∈ P1,h;
H27 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = 0, xg = qgx, xh = hx〉, where q
is a primitive root of unity of order 4, g, h ∈ G and x ∈ P1,g2h;
H28 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = g2 − 1, xg = −gx, xh = hx〉, where
g, h ∈ G and x ∈ P1,g;
H29 = 〈g, h, x | g
4 = h2 = (gh)4 = 1, x2 = g2 − 1, xg = gx, xh = −hx〉, where
g, h ∈ G and x ∈ P1,gh.
In the following theorem, we present the partial actions λ of these Hopf algebras
above listed. Furthermore, in order to reduce the size of the tables presented below,
we will omit the value of the partial action λN of H on k for all h ∈ G(H), since
they are determined uniquely by N .
Theorem 3.10. All the partial actions of the pointed non-semisimple Hopf alge-
bras of dimension 16 over its ground field k are given in the tables below, where
α, β, θ, γ, ω, δ, σ,Ω, ζ ∈ k such that γ2 = ω2 = −1, δσ = 0 and Ωζ = − 12 .
Table 6. Partial actions of H1 on k
x gx y gy z gz xy gxy xz gxz yz gyz xyz gxyz
λG=ε 0 0 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α α β β θ θ 0 0 0 0 0 0 0 0
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Table 7. Partial actions of H2 on k
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α 0 α 0 β 0 β 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0 0 0 0 0
Table 8. Partial actions of H3 on k
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α 0 α 0 β 0 β 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0 0 0 0 0
Table 9. Partial actions of H4 on k
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
λ{1} 0 0 0 0 0 0 0 0 0 0 0 0
Table 10. Partial actions of H5 on k (γ
2 = −1)
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
λ{1} 0 0 0 0 γ 0 0 γ 0 0 0 0
Table 11. Partial actions of H6 on k
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
Table 12. Partial actions of H7 on k
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
λ{1} 0 0 0 0 α α 0 0 0 0 0 0
Table 13. Partial actions of H8 on k (γ
2 = −1)
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
λ{1} 0 0 0 0 γ γ 0 0 0 0 0 0
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Table 14. Partial actions of H9 on k (γ
2 = ω2 = −1)
x gx g2x g3x y gy g2y g3y xy gxy g2xy g3xy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} α α α α β β β β 0 0 0 0
λ{1} γ 0 0 γ ω ω 0 0 0 −γω 0 γω
Table 15. Partial actions of H10 on k
x gx g2x g3x x2 gx2 g2x2 g3x2 x3 gx3 g2x3 g3x3
λG=ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α 0 0 −qα α
2 0 −qα2 (1−q)α2 α3 α3 α3 α3
Table 16. Partial actions of H11 on k
x gx g2x g3x x2 gx2 g2x2 g3x2 x3 gx3 g2x3 g3x3
λG=ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α 0 0 qα α
2 0 qα2 (1+q)α2 α3 α3 α3 α3
Table 17. Partial actions of H12 on k
x hx y hy gx ghx gy ghy xy hxy gxy ghxy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,h} α α β β α α β β 0 0 0 0
λ{1,g} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,gh} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} α 0 β 0 α 0 β 0 0 0 0 0
Table 18. Partial actions of H13 on k
x gx hx ghx y gy hy ghy xy gxy hxy ghxy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,h} α α α α 0 0 0 0 0 0 0 0
λ{1,gh} 0 0 0 0 α α α α 0 0 0 0
λ{1} α α 0 0 β β 0 0 0 0 0 0
Table 19. Partial actions of H14 on k
y hy x gx gy ghy hx ghx xy gxy hxy ghxy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,h} 0 0 α α 0 0 α α 0 0 0 0
λ{1,g} α α 0 0 α α 0 0 0 0 0 0
λ{1,gh} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1} β β α α 0 0 0 0 αβ αβ αβ αβ
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Table 20. Partial actions of H15 on k (σδ = 0)
x gx hx ghx y gy hy ghy xy gxy hxy ghxy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,g} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,h} 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,gh} α α α α β β β β 0 0 0 0
λ{1} σ σ 0 0 δ 0 δ 0 0 0 0 0
Table 21. Partial actions of H16 on k
(
Ωζ = − 12
)
x gx hx ghx y gy hy ghy xy gxy hxy ghxy
λG = ε 0 0 0 0 0 0 0 0 0 0 0 0
λ{1,gh} α α α α β β β β 0 0 0 0
λ{1} Ω Ω 0 0 ζ 0 ζ 0 −
1
2 −
1
2
1
2
1
2
Table 22. Partial actions of H17 on k
x ax bx abx gx agx bgx abgx
λG = ε 0 0 0 0 0 0 0 0
λ{1,a,g,ag} 0 0 0 0 0 0 0 0
λ{1,b,g,bg} 0 0 0 0 0 0 0 0
λ{1,ab,g,abg} 0 0 0 0 0 0 0 0
λ{1,a,gb,agb} 0 0 0 0 0 0 0 0
λ{1,b,ag,abg} 0 0 0 0 0 0 0 0
λ{1,ab,ag,bg} 0 0 0 0 0 0 0 0
λ{1,a,b,ab} α α α α α α α α
λ{1,g} 0 0 0 0 0 0 0 0
λ{1,ag} 0 0 0 0 0 0 0 0
λ{1,bg} 0 0 0 0 0 0 0 0
λ{1,abg} 0 0 0 0 0 0 0 0
λ{1,a} α α 0 0 α α 0 0
λ{1,b} α 0 α 0 α 0 α 0
λ{1,ab} α 0 0 α α 0 0 α
λ{1} α 0 0 0 α 0 0 0
Table 23. Partial actions of H18 on k
x gx g2x g3x g4x g5x g6x g7x
λG = ε 0 0 0 0 0 0 0 0
λ{1,g2,g4,g6} α α α α α α α α
λ{1,g4} 0 0 0 0 0 0 0 0
λ{1} 0 0 0 0 0 0 0 0
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Table 24. Partial actions of H19 on k
x gx g2x g3x g4x g5x g6x g7x
λG = ε 0 0 0 0 0 0 0 0
λ{1,g2,g4,g6} 0 0 0 0 0 0 0 0
λ{1,g4} 0 0 0 0 0 0 0 0
λ{1} α 0 0 0 α 0 0 0
Table 25. Partial actions of H20 on k
x gx g2x g3x g4x g5x g6x g7x
λG = ε 0 0 0 0 0 0 0 0
λ{1,g2,g4,g6} 0 0 0 0 0 0 0 0
λ{1,g4} α 0 α 0 α 0 α 0
λ{1} 0 0 0 0 0 0 0 0
Table 26. Partial actions of H21 on k
x gx g2x g3x g4x g5x g6x g7x
λG = ε 0 0 0 0 0 0 0 0
λ{1,g2,g4,g6} 0 0 0 0 0 0 0 0
λ{1,g4} α 0 α 0 α 0 α 0
λ{1} 0 0 0 0 0 0 0 0
Table 27. Partial actions of H22 on k (γ
2 = −1)
x gx g2x g3x g4x g5x g6x g7x
λG = ε 0 0 0 0 0 0 0 0
λ{1,g2,g4,g6} α α α α α α α α
λ{1,g4} γ 0 0 γ γ 0 0 γ
λ{1} γ 0 0 0 0 0 0 γ
Table 28. Partial actions of H23 on k
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} 0 0 0 0 0 0 0 0
λ{1,g2,h,g2h} α α α α α α α α
λ{1,g2h} 0 0 0 0 0 0 0 0
λ{1,h} 0 0 0 0 0 0 0 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} α α α α 0 0 0 0
λ{1} 0 0 0 0 0 0 0 0
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Table 29. Partial actions of H24 on k
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} α α α α α α α α
λ{1,g2,h,g2h} 0 0 0 0 0 0 0 0
λ{1,g2h} 0 0 0 0 0 0 0 0
λ{1,h} 0 0 0 0 0 0 0 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} α 0 α 0 0 α 0 α
λ{1} 0 0 0 0 0 0 0 0
Table 30. Partial actions of H25 on k
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} 0 0 0 0 0 0 0 0
λ{1,g2,h,g2h} 0 0 0 0 0 0 0 0
λ{1,g2h} 0 0 0 0 0 0 0 0
λ{1,h} α 0 α 0 α 0 α 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0
λ{1} α 0 α 0 0 0 0 0
Table 31. Partial actions of H26 on k
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} α α α α α α α α
λ{1,g2,h,g2h} 0 0 0 0 0 0 0 0
λ{1,g2h} 0 0 0 0 0 0 0 0
λ{1,h} 0 0 0 0 0 0 0 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} α 0 α 0 α 0 α 0
λ{1} α 0 0 0 α 0 0 0
Table 32. Partial actions of H27 on k
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} 0 0 0 0 0 0 0 0
λ{1,g2,h,g2h} 0 0 0 0 0 0 0 0
λ{1,g2h} 0 0 0 0 0 0 0 0
λ{1,h} α 0 α 0 α 0 α 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} 0 0 0 0 0 0 0 0
λ{1} α 0 0 0 0 0 α 0
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Table 33. Partial actions of H28 on k (γ
2 = −1)
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} 0 0 0 0 0 0 0 0
λ{1,g2,h,g2h} α α α α α α α α
λ{1,g2h} γ 0 0 γ 0 γ γ 0
λ{1,h} γ 0 0 γ γ 0 0 γ
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} α α α α 0 0 0 0
λ{1} γ 0 0 γ 0 0 0 0
Table 34. Partial actions of H29 on k (γ
2 = −1)
x gx g2x g3x hx ghx g2hx g3hx
λG = ε 0 0 0 0 0 0 0 0
λ{1,g,g2,g3} α α α α α α α α
λ{1,g2,h,g2h} 0 0 0 0 0 0 0 0
λ{1,g2,gh,g3h} 0 0 0 0 0 0 0 0
λ{1,g2} α 0 α 0 0 α 0 α
λ{1} γ 0 0 0 0 0 0 γ
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Proof. The calculations for the partial actions for the 16-dimensional pointed non-
semisimple Hopf algebras over its ground field, presented in the above tables, is a
routine computation using the properties and the method described in Subsections
3.1 and 3.2, as performed in Example 3.8 and briefly in the proof of Theorem 3.9.
We only do some considerations for the partial actions of H6 on k, as this is the
first case where there is a suitable partial action of kG(H6) = kC4 on k that could
not be extended to a partial actions of H6 on k.
Notice that
B = {1, g, g2, g3, x, gx, g2x, g3x, y, gy, g2y, g3y, xy, gxy, g2xy, g3xy}
is a linear basis of H6 and G(H6) = {1, g, g
2, g3} = C4.
As in the proof of Theorem 3.9, we have three partial actions λ of kC4 on k, given
exactly by the subgroups {1, g, g2, g3}, {1, g2} and {1} and so we must investigate
the possibility of extending each partial actions of kG(H6) = kC4 on k associated
to these subgroups to the whole algebra H6, that is, if the non-linear system given
by following equations
λN (u)λN (v) = λN (u1)λN (u2v), u, v ∈ B, (3.3)
has solution, where N is a subgroup of C4.
(1) If N = {1, g, g2, g3}, then by item i) of Proposition 3.2, we conclude that
λN (x) = λN (y) = 0, since x, y ∈ P1,g(H6) and λN (1) = λN (g) = 1.
Moreover, by item j) of Proposition 3.2 we get λN (xy) = 0. Again by
Proposition 3.2, but using item d), we obtain that λN (g
ix) = λN (g
iy) =
λN (g
ixy) = 0, for i = 1, 2 and 3. Hence, we conclude that λ{1,g,g2,g3} =
εH6 ;
(2) If N = {1, g2}, then by item d) of Proposition 3.2, we get λN (g
2x) = λN (x),
λN (g
3x) = λN (gx), λN (g
2y) = λN (y), λN (g
3y) = λN (gy), λN (g
2xy) =
λN (xy) and λN (g
3xy) = λN (gxy).
First, for u = gx, gy and v = g in equation (3.3), we conclude λN (gx) =
λN (g
2x) and λN (gy) = λN (g
2y), and then λN (x) = λN (gx) = λN (g
2x) =
λN (g
3x) and λN (y) = λN (gy) = λN (g
2y) = λN (g
3y).
Thus, using this and u = gx and v = y, gy in equation (3.3), we get
λN (gxy) = 0 and λN (g
2xy) = 0, and so λN (xy) = λN (gxy) = λN (g
2xy) =
λN (g
3xy) = 0.
Now, we want to verify equation (3.3) for all u, v ∈ B. However, we know
that this equation holds for u ∈ {1, g, g2, g3} by Proposition 3.3, and also
holds for u ∈ {x, g2x, y, g2y} by Proposition 3.4. Moreover, Proposition
3.5 guarantees that if we checking for u = gx, gy, xy and gxy, then it is
automatically checked for u = g3x, g3y, g2xy and g3xy.
For u = gx, equation (3.3) results in
λN (gx)λN (v) = λN (gx)λN (gv) + λN (gxv),
which is easily verified for all v ∈ B.
For u = gy, we need to check
λN (gy)λN (v) = λN (gy)λN (gv) + λN (gyv),
for all v ∈ B. For v = gi, i = 0, 1, 2 and 3, this is clear. For the other
elements v ∈ B, note that λN (v) = λN (gv), and so the above equation
results in to check that λN (gyv) = 0.
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For v = gix, we have
λN (gyg
ix) =(−1)iλN (g
i+1yx) = (−1)iλN (g
i+1(−xy + g2 − 1))
=(−1)i[−λN (g
i+1xy) + λN (g
i+3)− λN (g
i+1)]
=(−1)i[0 + λN (g
i+1)− λN (g
i+1)] = 0.
For v = giy, we have
λN (gyg
iy) =(−1)iλN (g
i+1y2) = (−1)iλN (g
i+1(g2 − 1))
=(−1)i[λN (g
i+3)− λN (g
i+1)] = 0.
For v = gixy, we have
λN (gyg
ixy) =(−1)iλN (g
i+1yxy) = (−1)iλN (g
i+1(−xy + g2 − 1)y)
=(−1)i[−λN (g
i+1xy2) + λN (g
i+3y)− λN (g
i+1y)]
=(−1)i+1λN (g
i+1x(g2 − 1))
=(−1)i+1[λN (g
i+3x)− λN (g
i+1x)] = 0,
and so equation (3.3) holds for u = gy and all v ∈ B.
For u = xy, equation (3.3) means
λN (xy)λN (v) = λN (xy)λN (v)−λN (gx)λN (yv)+λN (gy)λN (xv)+λN (xyv), (3.4)
and so
λN (gx)λN (yv) = λN (gy)λN (xv) + λN (xyv),
where v ∈ B.
And, for u = gxy, equation (3.3) means
λN (gxy)λN (v) = λN (gxy)λN (gv)− λN (g
2x)λN (gyv) + λN (g
2y)λN (gxv), (3.5)
and so
λN (g
2x)λN (gyv) = λN (g
2y)λN (gxv),
where v ∈ B.
Thus, to verify that equations (3.4) and (3.5) hold for all v ∈ B is a
routine computation divided by cases as done for u = gy before;
(3) Suppose now N = {1}. Then, for u = gx and v = 1 in equation (3.3) we
get λN (gx) = 0 and so, for u = g
3x and v = g, gx in equation (3.3) we
get λN (x) = λN (g
3x) and λN (x)λN (g
3x) = 0, respectively, and therefore
λN (x) = λN (g
3x) = 0. Thus, for u = g3x and v = gy in equation (3.3) we
conclude that λN (g
3xgy) = 0, and so λN (xy) = 0.
On the other hand, for u = g3y and v = gx in equation (3.3) and using
λN (gx) = λN (x) = 0 we get λN (g
3ygx) = 0. Therefore, λN (yx) = 0. But,
λN (yx) = λN (−xy + g
2 − 1) = −λN (xy) + λN (g
2)− λN (1) = −0 + 0− 1 = −1,
a contradiction.
Hence, there is no partial action of H6 on k in this case.
Therefore, the partial actions of H6 on k are given as in Table 11. 
Remark 3.11. Theorem 3.10 ensures that the converse of Remark 3.6 is not true,
i.e., it is not true that every partial action of B on k can be extended to a partial
action of H on k, where B is a Hopf subalgebra of H . In particular, this means
that there exist partial actions of B on k that are not obtained as restriction of
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partial actions of H on k. For instance, one can see that by considering the Hopf
algebra H = H6 and B its Hopf subalgebra of the grouplike elements, that is,
B = kG(H6) = kC4.
4. The λ-Hopf algebras
Recall from Definition 2.8 that k#H , the partial smash product of k with H , is
the algebra generated by the set {1k#h |h ∈ H} = {1k#λ(h1)h2 |h ∈ H}, where
λ is a partial action of H on k. Moreover 1k#h = 1k#λ(h1)h2 and 1k#h 1k#k =
1k#λ(h1)h2k for all h, k ∈ H . So, ϕ : k#H −→ H given by ϕ(1k#λ(h1)h2) =
λ(h1)h2 is an injective homomorphism of algebras. We denote byHλ the subalgebra
of H given by the image of ϕ, that is, Hλ := ϕ(k#H) ⊆ H . Hence, Hλ =
{λ(h1)h2 |h ∈ H} and so k#H ≃ Hλ is a subalgebra of H . However, it does not
always occur that this subalgebra is a Hopf subalgebra, nor even a subbialgebra
neither a subcoalgebra of H . We exhibit two examples to illustrate this situation:
Example 4.1. Consider the group algebra kG and the partial action λN , where
N is subgroup of G, according to Example 2.4. We have that (kG)λN = kN and
thus a Hopf subalgebra of kG.
Example 4.2. Consider the Sweedler Hopf algebra H4 and the partial action λα
given in Example 2.7, i.e., λα : H4 −→ k given by λα(1) = 1, λα(g) = 0 and
λα(x) = λα(gx) = α, with α ∈ k.
The subalgebra (H4)λα = k{1} ⊕ k{αg + gx} is not a subcoalgebra of H4, since
∆(αg + gx) = (αg + gx)⊗ g + 1⊗ gx /∈ (H4)λα ⊗ (H4)λα .
The previous examples show that for a given Hopf algebraH and a partial action
λ of H on k, not alwaysHλ is a Hopf subalgebra of H . We ask when a Hopf algebra
H is obtained in this way, that is, when H = Lλ, for some Hopf algebra L with a
partial action λ of L on k. In this sense, we define:
Definition 4.3. We say that a Hopf algebra H is a (left) λ-Hopf algebra if there
exists a pair (L, λ) where L is a Hopf algebra and λ : L −→ k is a (left) partial
action such that Lλ = H .
Remark 4.4. Since ε is a partial action (global, in fact) and ε(h1)h2 = h, for all
h ∈ H , we have that Hε = H . Then, every Hopf algebra H is an ε-Hopf algebra in
the usual way.
We will see in the next example that kG is a λ-Hopf algebra.
Example 4.5. Every group algebra kG is a λ-Hopf algebra. Indeed, for a group
G, it is enough to consider a group F that contains G as subgroup and the partial
action λG : kF −→ k of kF on k. It is clear that (kF )λG = kG. Moreover,
note that F can be chosen arbitrally and consequently we do not have uniqueness
on the “lifting”. In particular, we can consider the group F = G × Cn, with
n ∈ (N\ {0})∪{∞}, where Cn denotes the cyclic group of order n and C∞ denotes
the infinite cyclic group Z. Observe that dimk(kF ) = n dimk(kG), if n ∈ N, and
dimk(kF ) =∞ if F = G× C∞.
Our goal now is to determine necessary and sufficient conditions over the partial
action λ for that Hλ being a Hopf subalgebra of H . First, we have the following
lemma:
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Lemma 4.6. Let λ : H → k be a partial action of H on k. Then, λ|Hλ = ε|Hλ .
Proof. Consider λ(h1)h2 ∈ Hλ. Then, λ(λ(h1)h2) = λ(h1)λ(h2) = λ(h). On the
other hand, ε(λ(h1)h2) = λ(h1)ε(h2) = λ(h1ε(h2)) = λ(h). Thus, λ|Hλ = ε|Hλ . 
Hence, on the subalgebra Hλ of H , the maps ε and λ coincide. In particular,
λ is multiplicative on Hλ, and so if Hλ is a subcoalgebra (or subbialgebra or Hopf
subalgebra) ofH , then the counit ofHλ is given exactly by λ|Hλ = ε|Hλ . Therefore,
we obtain the following characterization:
Theorem 4.7. Let λ : H → k be a partial action. Then, Hλ is a Hopf subalgebra
of H if and only if the equation
λ(h1)h2 = λ(h1)h2λ(h3), (4.1)
holds for all h ∈ H.
Proof. Suppose λ(h1)h2 = λ(h1)h2λ(h3), for all h ∈ H . We already know that Hλ
is a subalgebra of H . Consider the restriction map of the comultiplication ∆H of
H to Hλ, that is, ∆H |Hλ : Hλ −→ H ⊗H . We denote this restriction map simply
by ∆. We shall see ∆(Hλ) ⊆ Hλ ⊗Hλ. First, note that
∆(λ(h1)h2) = λ(h1)∆(h2) = λ(h1)h2 ⊗ h3 = λ(h11)h12 ⊗ h2.
Now, using the hypotesis, we get λ(h11)h12 ⊗ h2 = λ(h11)h12λ(h13)⊗ h2, and so
λ(h11)h12λ(h13)⊗ h2 = λ(h1)h2λ(h3)⊗ h4
= λ(h1)h2 ⊗ λ(h3)h4
= λ(h11)h12 ⊗ λ(h21)h22.
Therefore, Hλ is closed under the comultiplication ∆ and, since we are dealing
with restriction maps, we obtain that (Hλ,∆, ε|Hλ) is a subcoalgebra of H . More-
over, Hλ is a subbialgebra of H and, since H is finite dimensional, it follows that
Hλ is a Hopf subalgebra of H (cf. [18, Proposition 7.6.1]).
Conversely, suppose that Hλ is a Hopf subalgebra of H , that is, ∆Hλ = ∆H |Hλ
and εHλ = εH |Hλ . Then, Hλ is a Hopf algebra and, in particular, the equation
ψ ◦ (IdHλ ⊗ εHλ) ◦∆Hλ = IdHλ holds, where ψ : Hλ ⊗ k −→ Hλ is the canonical
isomorphism given by ψ(x⊗ 1k) = x, for all x ∈ Hλ. Using Lemma 4.6, we obtain
that λ|Hλ = εH |Hλ and then the equation ψ ◦ (IdHλ ⊗ λ|Hλ) ◦∆Hλ = IdHλ holds.
So, given λ(h1)h2 ∈ Hλ, it follows that
λ(h1)h2 =IdHλ(λ(h1)h2)
=[ψ ◦ (IdHλ ⊗ λ|Hλ) ◦∆Hλ ](λ(h1)h2)
=λ(h1)h2λ(h3).
Therefore, λ(h1)h2 = λ(h1)h2λ(h3) holds for all h ∈ H . 
Remark 4.8. The characterization above can be done through the theory of partial
matched pairs of Hopf algebras. In such a setting, the algebraHλ is the same algebra
k#H constructed in [7], and the compatibiliy equation λ(h1)h2 = λ(h1)h2λ(h3), for
all h ∈ H , is exactly the equation needed for (k, H) be a partial matched pair of Hopf
algebras. Therefore, k#H is a Hopf algebra if and only if λ(h1)h2 = λ(h1)h2λ(h3),
for all h ∈ H (cf. [7, Corollary 4.5]).
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Using the characterization provided by Theorem 4.7, it is possible, in some cases,
to quickly determine whether Hλ is a Hopf subalgebra of H or not. This is the
case, for example, when H is a Hopf algebra which has a linear basis consisting
only of grouplike and skew-primitive elements. As an application, we present in
Subsection 4.2 the whole setting for pointed non-semisimple Hopf algebrasH , whose
dimk(H) = 8, 16.
Corollary 4.9. Let λ : H → k be a partial action. Suppose that there exists
x ∈ Pg,h(H) with λ(g) = 0 and λ(h) = 1. Then, λ(x1)x2 6= λ(x1)x2λ(x3) and,
consequently, Hλ is not a Hopf subalgebra of H.
Proof. Note that ∆(x) = x⊗g+h⊗x and ∆2(x) = x⊗g⊗g+h⊗x⊗g+h⊗h⊗x, where
∆2 = (∆⊗ IdH)◦∆ = (IdH ⊗∆)◦∆. Then, λ(x1)x2 = λ(x)g+λ(h)x = λ(x)g+x.
On the other hand,
λ(x1)x2λ(x3) = λ(x)gλ(g) + λ(h)xλ(g) + λ(h)hλ(x) = λ(x)h.
Since x 6= λ(x)(h − g), we obtain λ(x1)x2 6= λ(x1)x2λ(x3).
Hence, Theorem 4.7 implies that the algebra Hλ is not a Hopf subalgebra of
H . 
In fact, the most important in the previous corollary is that x ∈ H is a (g, h)-
primitive element where λ(g) 6= λ(h). Moreover, we obtain a complementary corol-
lary for the case that x is an (g, h)-primitive element, where λ(g) = 1 and λ(h) = 0.
Here, the principal role is played by the element xh−1.
Corollary 4.10. Let λ : H → k be a partial action. Suppose that there exists
x ∈ Pg,h(H) with λ(g) = 1 and λ(h) = 0. Then, denoting xh
−1 by y, we have that
λ(y1)y2 6= λ(y1)y2λ(y3). Consequently, Hλ is not a Hopf subalgebra of H.
Proof. Note that ∆(x) = x⊗g+h⊗x and then ∆(xh−1) = xh−1⊗gh−1+1⊗xh−1.
So, denoting the element xh−1 by y, it follows that ∆(y) = y ⊗ gh−1 + 1⊗ y, that
is, y ∈ Pgh−1,1(H).
Using items b) and d) of Proposition 3.2 we conclude that λ(gh−1) = 0. Thus,
by Corollary 4.9 we have that λ(y1)y2 6= λ(y1)y2λ(y3) and so the subalgebra Hλ is
not a Hopf subalgebra of H . 
Corollary 4.11. Let λ : H → k be a partial action. If there exists x ∈ Pg,h(H)
such that λ(g) 6= λ(h), then Hλ is not a Hopf subalgebra of H.
Proof. Straightforward from Corollaries 4.9 and 4.10. 
The above results deal with x ∈ Pg,h(H), where λ(g) 6= λ(h). The next one deals
with the case where λ(g) = λ(h).
Corollary 4.12. Let λ : H → k be a partial action. Then,
(1) if g ∈ G(H) then λ(g1)g2 = λ(g1)g2λ(g3);
(2) if x ∈ Pg,h(H) such that λ(g) = λ(h), then λ(x1)x2 = λ(x1)x2λ(x3).
Consequently, if H has a linear basis given only by grouplike and (gi, hi)-primitive
elements, with gi, hi ∈ G(H) such that λ(gi) = λ(hi) for all i, then Hλ is a Hopf
subalgebra of H.
Proof. Consider g, h ∈ G(H) and x ∈ Pg,h(H).
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1. First, note that λ(g1)g2 = λ(g)g and λ(g1)g2λ(g3) = λ(g)gλ(g) = λ(g)
2g.
Since λ(g) ∈ {0, 1} by Proposition 3.2 item a), then λ(g)2 = λ(g) and it
follows that λ(g1)g2 = λ(g1)g2λ(g3).
2. We already know that λ(g) ∈ {0, 1}. Suppose λ(g) = λ(h). Then, by
Proposition 3.2 item i), we know λ(x) = 0. Therefore,
λ(x1)x2 = λ(x)g + λ(h)x = λ(h)x = λ(g)x.
On the other hand,
λ(x1)x2λ(x3) = λ(x)gλ(g) + λ(h)xλ(g) + λ(h)hλ(x) = λ(h)xλ(g) = λ(g)
2x,
and hence λ(x1)x2 = λ(x1)x2λ(x3).
Furthermore, if H has a linear basis given only by grouplike and (gi, hi)-primitive
elements, with gi, hi ∈ G(H) such that λ(gi) = λ(hi) for all i, then we conclude by
above items that λ(h1)h2 = λ(h1)h2λ(h3), for all h ∈ H , and it follows by Theorem
4.7 that Hλ is a Hopf subalgebra of H . 
Using these results, sometimes one can quickly check whether Hλ is a Hopf
subalgebra of H or not. As application, consider (H4)λα as in Example 4.2. Since
x ∈ P1,g(H4) and λα(1) = 1k 6= 0 = λα(g), one can conclude that (H4)λα is not a
Hopf subalgebra of H4.
An analysis for the partial actions λ computed in Subsection 3.3 will be done in
Subsection 4.2.
We exhibit now a condition stronger than equation (4.1) in Theorem 4.7.
Proposition 4.13. Let λ : H → k be a partial action. If λ(h1)h2 = h1λ(h2)
for all h ∈ H, then λ(h1)h2 = λ(h1)h2λ(h3) for all h ∈ H. In particular, if
λ(h1)h2 = h1λ(h2) for all h ∈ H, then Hλ is a Hopf subalgebra of H.
Proof. Suppose that λ(h1)h2 = h1λ(h2), for all h ∈ H . Then
λ(h1)h2λ(h3) = λ(h1)(h2)1λ((h2)2)
= λ(h1)λ((h2)1)(h2)2
= λ((h1)1)λ((h1)2)h2
= λ(h1)h2,
where the last equality follows by equation (2.1).
Hence λ(h1)h2 = λ(h1)h2λ(h3) for all h ∈ H and, in particular, by Theorem 4.7,
we get that Hλ is a Hopf subalgebra of H . 
Remark 4.14. We note that the above proposition has a stronger condition than
Theorem 4.7. Furthermore, checking λ(h1)h2 = h1λ(h2), for all h ∈ H , sometimes
is easier than checking λ(h1)h2λ(h3) = λ(h1)h2, for all h ∈ H . It happens because
for the earlier it is necessary to use ∆ only once, while the latter needs ∆2.
Recall from Definition 4.3 that a Hopf algebra H is a λ-Hopf algebra when there
exists a Hopf algebra L with a partial action λ of L on k such that Lλ = H . Thus,
we ask when a Hopf algebra H is a λ-Hopf algebra. The next results deal with
that, and we shall see that every Hopf algebra is in fact a λ-Hopf algebra. For this
purpose, we first recall how partial actions of H ⊗ L on A ⊗ B are (canonically)
obtained from partial actions of H and L on A and B, respectively.
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Remark 4.15. Let H,L be two Hopf algebras. Suppose that ·H and ·L are partial
actions of H and L on algebras A and B, respectively. Then, the mapping ⇀:=
(·H ⊗ ·B) ◦ (IdH ⊗ τL,A ⊗ IdB) is a partial action of H ⊗ L on A ⊗ B, where
τL,A : L ⊗ A −→ A ⊗ L is the canonical twist isomorphism between L and A.
Moreover, if ·H and ·L are symmetric, then so is ⇀. In particular, since k ≃ k⊗ k,
we obtain partial actions of H ⊗ L on k from partial actions of H and L on k.
We emphasize that the partial actions of H ⊗ L on A⊗B constructed as above
not generally cover all the partial actions of H ⊗L on A⊗B, even for A = B = k.
As a very simple example take A = B = k and H = L = kC2. Then, H ⊗ L =
kC2 ⊗ kC2 ≃ k(C2 × C2) and its partial actions on k are parametrized by its
subgroups, as in Example 2.4. For the group C2 = 〈g | g
2 = 1〉 = {1, g}, we have
only the trivial subgroups. Therefore, we only have two partial actions of kC2 on
k, namely, λ{1,g} = εkC2 and λ{1}. Hence, we obtain through Remark 4.15 only 4
partial actions of kC2 ⊗ kC2 ≃ k(C2 × C2) on k, given by λ{1} ⊗ λ{1} = λ{(1,1)},
λ{1} ⊗ εkC2 = λ{(1,1),(1,g)}, εkC2 ⊗ λ{1} = λ{(1,1),(g,1)} and εkC2 ⊗ εkC2 = εk(C2×C2).
However, C2 × C2 has 5 subgroups, and hence there is a partial action that is not
covered by this construction, precisely the partial action λ{(1,1),(g,g)}.
In fact, one can see that this fact occurs in the examples given in Subsection 3.3.
For instance, one can produce 4 partial actions λ of H12 using the corresponding
partial actions λ of A2 and kC2. Namely, εA2 ⊗ εkC2 = εH12 , εA2 ⊗ λ
kC2
{1} = λ{1,g},
λA2{1}⊗ εkC2 = λ{1,h} and λ
A2
{1}⊗λ
kC2
{1} = λ{1}. However, note that the partial action
λ{1,gh} is not obtained by this procedure.
Anyway, Remark 4.15 is, indeed, enough to conclude that every Hopf algebra is
a λ-Hopf algebra, where λ is a genuine partial action, that is λ 6= ε, as we will see
in the following.
Theorem 4.16. Let H be a Hopf algebra. Then, there exists a Hopf algebra L and
a partial action λ : L −→ k such that Lλ = H.
Proof. Let G be any non-trivial group. Consider the partial action of kG on k
parametrized by the subgroup {1G}, that is λ{1G} : kG → k given by λ{1G}(g) =
δ1G,g, for all g ∈ G. By Remark 4.15 we know that λ := εH⊗λ{1G} is a partial action
ofH⊗kG on k. Moreover, an easy calculation shows that (H⊗kG)λ = H⊗1kG ≃ H .
Indeed, for h⊗ g ∈ H ⊗ kG we get
λ((h⊗ g)1)(h⊗ g)2 = ε(h1)λ{1G}(g)(h2 ⊗ g) = h⊗ λ{1G}(g)g = h⊗ δ1G,gg.
Then, considering L = H ⊗ kG and λ as above, it follows that
Lλ = 〈λ((h ⊗ g)1)(h⊗ g)2 | h ∈ H, g ∈ G〉 = 〈h⊗ 1G | h ∈ H〉 ≃ H,
as Hopf algebras. Hence, H is a λ-Hopf algebra. 
Since the group G can be chosen arbitrarily, this result says that H can be
embedded into the Hopf algebra L = H ⊗ kG, where dimk(L) is almost arbitrary,
as in Example 4.5. However, this construction is not the only way that we obtain
a Hopf algebra L and a partial action of L on k such that Lλ = H . In fact, we
shall see in the next subsection that the Taft algebra Tn(q) [20] is a λ-Hopf algebra
obtained from another way.
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4.1. Taft algebra as a λ-Hopf algebra. Taft algebra, here denoted by Tn(q),
is an important Hopf algebra presented by E. Taft in [20]. We briefly recall this
algebra. Let n be a positive integer, n ≥ 2, and q a primitive root of unity of order
n. As algebra Tn(q) = 〈g, x, | g
n = 1, xn = 0, xg = qgx〉, and thus B = {gixj | 0 ≤
i, j ≤ n−1} is a (canonical) linear basis for Tn(q), and so dimk(Tn(q)) = n
2. For the
coalgebra structure, we have that g is a grouplike element and x is a (1, g)-primitive
element. More generally we know that ∆(gixj) =
∑j
l=0
(
j
l
)
q
gi+lxj−l ⊗ gixl. So,
completing the Hopf structure of Tn(q), set ε(g) = 1, ε(x) = 0, S(g) = g
n−1 and
S(x) = −gn−1x. Also note that G(Tn(q)) = 〈g〉 = {1, g, · · · , g
n−1} = Cn.
In the sequel we will present the Taft algebras Tn(q) as λ-Hopf algebras, where
the Hopf algebra L such that Lλ = Tn(q) is not simply Tn(q) tensorized by a group
algebra. For this purpose, we exhibit a family of Hopf algebras, denoted by T kn (ω),
where k, n are positive integers, n ≥ 2 and ω is a primitive root of unity of order
kn, and a suitable partial action λk : T
k
n (ω) −→ k such that (T
k
n (ω))λk ≃ Tn(q),
where q is a primitive root of unity of order n given by q = ωk.
First we present the Hopf algebra T kn (ω), which is a generalization of the Taft
algebra Tn(q) (see [5] and [6, Appendix]). Let k, n be positive integers, n ≥ 2, and
ω a primitive root of unity of order kn. The Hopf algebra T kn (ω) is the algebra
generated by g and x satisfying the conditions gkn = 1, xn = 0 and xg = ωgx, that
is, T kn (ω) = 〈g, x, | g
kn = 1, xn = 0, xg = ωgx〉, and thus B = {gixj | 0 ≤ j ≤ n−
1, 0 ≤ i ≤ kn−1} is a (canonical) linear basis for T kn (ω), and so dimk(T
k
n (ω)) = kn
2.
For the coalgebra structure, we have that g is a grouplike element and x is a (1, gk)-
primitive element. Generally, we have ∆(gixj) =
∑j
l=0
(
j
l
)
ωk
gi+lkxj−l ⊗ gixl. To
complete the Hopf structure of T kn (ω), set ε(g) = 1, ε(x) = 0, S(g) = g
kn−1 and
S(x) = −gkn−kx. Also, notice that G(T kn (ω)) = 〈g〉 = {1, g, · · · , g
kn−1} = Ckn.
Remark 4.17. The algebra T kn (ω) is, in fact, a generalization of the Taft algebra,
since for k = 1, we have that ω is a primitive root of unity of order n and so
T 1n(ω) = Tn(ω). Also note that the Taft algebra Tn(q) is embedded as a Hopf
subalgebra of T kn (ω), where q = ω
k. Indeed, considering Tn(q) = 〈h, y, | h
n =
1, yn = 0, yh = qhy〉, where q = ωk, we get that ϕ : Tn(q) −→ T
k
n (ω) given by
ϕ(y) = x and ϕ(h) = gk is an injective homomorphism of Hopf algebras.
Now, we will calculate a suitable partial action of T kn (ω) on k. Consider the
subgroup of Ckn = G(T
k
n (ω)) given by N = 〈g
k〉 and the linear map λ = λk :
T kn (ω) −→ k given by λ(g
ixj) = δj,0δN (g
i) for all i, j ∈ Z, j ≥ 0, where the symbol
δj,0 is the Kronecker delta and δN is as in Example 2.4.
We use Theorem 2.2 to prove that λ as defined above is a partial action of T kn (ω)
on k. It is clear that λ(1) = 1k. Now, it remains only to verify equation (2.1) given
by the relation
λ(u)λ(v) = λ(u1)λ(u2v)
for all u, v ∈ T kn (ω), or equivalently for all u, v ∈ B, where B is the (canonical)
linear basis of T kn (ω).
First, for u = gi, i ∈ Z, equation (2.1) is satisfied for all v ∈ T kn (ω). Indeed,
considering v = grxs, with r, s ∈ Z, s ≥ 0, we get that
λ(u)λ(v) = λ(gi)λ(grxs) = δ0,0δN (g
i)δs,0δN (g
r) = δN(g
i)δs,0δN (g
r),
and, on the other hand,
λ(u1)λ(u2v) = λ(g
i)λ(gigrxs) = λ(gi)λ(gi+rxs)
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= δ0,0δN (g
i)δs,0δN (g
i+r) = δN (g
i)δs,0δN (g
i+r).
So, if gi /∈ N , then both λ(gi)λ(gi+rxs) and δN (g
i)δs,0δN (g
i+r) are equal to 0 since
δN(g
i) = 0. Now, if gi ∈ N , then gr ∈ N if and only if gi+r ∈ N , that is, if
δN(g
i) = 1, then δN (g
r) = δN (g
i+r). Hence, the equality desired holds.
Now, consider u = gixj where i, j ∈ Z, j ≥ 1. Then, for all v ∈ T kn (ω), equation
(2.1) results
λ(gixj)λ(v) =
j∑
l=0
(
j
l
)
ωk
λ(gi+lkxj−l)λ(gixlv).
Since j ≥ 1, we obtain that λ(gixj) = δj,0δN (g
i) = 0 and λ(gi+lkxj−l) =
δj−l,0δN(g
i+lk) = 0, for all 0 ≤ l ≤ (j − 1). Thus, the above sum is reduced only
for l = j, and so the previous equation simply becomes to
0 =
(
j
j
)
ωk
λ(gi+jkxj−j)λ(gixjv),
for all v ∈ T kn (ω). Therefore, for u = g
ixj in equation (2.1), where i, j ∈ Z, j ≥ 1,
it is equivalent to 0 = λ(gi+jk)λ(gixjv), for all v ∈ T kn (ω). Then, for v = g
sxt, with
s, t ∈ Z, t ≥ 0, we obtain that j + t ≥ 1 and so λ(gi+sxj+t) = δj+t,0δN (g
i+s) = 0
and thus
λ(gi+jk)λ(gixjv) = λ(gi+jk)λ(gixjgsxt) = ωjsλ(gi+jk)λ(gi+sxj+t) = 0.
Hence, equation (2.1) holds for all u, v ∈ T kn (ω), and so λ as defined is a partial
action of T kn (ω) on k.
Finally, it remains to check that (T kn (ω))λ = Tn(ω
k). We know that (T kn (ω))λ =
{λ(u1)u2 | u ∈ T
k
n (ω)}. Then, for u = g
ixj , i, j ∈ Z, j ≥ 0, we get
λ((gixj)1)(g
ixj)2 =
j∑
l=0
(
j
l
)
ωk
λ(gi+lkxj−l)gixl.
Since λ(gi+lkxj−l) = δj−l,0δN (g
i+lk) = 0, for any 0 ≤ l ≤ (j − 1), we conclude
that λ((gixj)1)(g
ixj)2 =
(
j
j
)
ωk
λ(gi+jkx0)gixj = λ(gi+jk)gixj = δN (g
i+jk)gixj , for
all i, j ∈ Z, j ≥ 0.
Since gjk ∈ N , we know that gi ∈ N if and only if gi+jk ∈ N , that is, δN(g
i+jk) =
δN(g
i). Therefore, λ((gixj)1)(g
ixj)2 = δN (g
i)gixj , and so
(T kn (ω))λ = {λ(u1)u2 | u ∈ T
k
n (ω)}
= 〈λ(u1)u2 | u ∈ B〉
= 〈λ((gixj)1)(g
ixj)2 | 0 ≤ i ≤ (kn− 1), 0 ≤ j ≤ (n− 1)〉
= 〈δN (g
i)gixj | 0 ≤ i ≤ (kn− 1), 0 ≤ j ≤ (n− 1)〉
= 〈δN (g
rk+s)grk+sxj | 0 ≤ s ≤ (k − 1), 0 ≤ r, j ≤ (n− 1)〉
= 〈δN (g
rk)grkxj | 0 ≤ r, j ≤ (n− 1)〉
= 〈grkxj | 0 ≤ r, j ≤ (n− 1)〉
= ϕ(Tn(ω
k))
≃ Tn(ω
k),
where ϕ is the injective homomorphism of Hopf algebras given in Remark 4.17.
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Remark 4.18. One can note that the choice of the parameter k, a positive integer,
is arbitrary. So, the dimension of this Hopf algebra T kn (ω) can be chosen as large
as desired. This situation is the same as for group algebras (Example 4.1) and also
in Theorem 4.16.
In particular, we notice this for the Sweedler algebra T2(−1) = H4. In this case,
we have T 22 (q) = A
′′′
4,q and T
4
2 (q˜) = H19, where q and q˜ are primitive roots of unity
of orders 4 and 8 respectively. Moreover, with the partial actions λ2 = λ{1,g2} of
A
′′′
4,q on k and λ4 = λ{1,g4} of H19 on k, we get (A
′′′
4,q)λ2 ≃ H4 ≃ (H19)λ4 .
4.2. Examples of the λ-Hopf algebras. In this subsection we show, schemat-
ically, the examples of λ-Hopf algebras obtained with the partial actions λ cal-
culated in Subsection 3.3, that is, we verify which are the Hopf subalgebras Hλ
obtained with the partial actions λ of pointed non-semisimples Hopf algebras H ,
with dimk(H) = 8, 16. In the following diagram, an arrow from H to B, H
λ
−→ B,
means that λ is a partial action of H on k such that B ≃ Hλ, as Hopf algebras.
At this point, Corollary 4.11 is useful to quickly discard a lot of partial actions λ
of H on k, since the existence of a (g, h)-primitive element such that λ(g) 6= λ(h)
it is enough to conclude that Hλ is not a Hopf subalgebra of H . For other partial
actions, checking whether Hλ is or not a Hopf subalgebra of H , is done through
Theorem 4.7 or sometimes it is more quickly done using Proposition 4.13.
Theorem 4.19. Let H be one of the following pointed non-semisimple Hopf alge-
bras:
• Dimension 8: A2,A
′
4 or A
′′
4 ;
• Dimension 16: H1, H4, H5, H6, H7, H8, H9, H10, H11, H14, H15, H16,
H18 or H22.
Then, H has not a partial action λ, λ 6= ε, such that Hλ is a Hopf subalgebra of H.
Proof. Note that for these such Hopf algebras, there exists a (1, g)-primitive element
x. Moreover, almost all the partial actions λ, λ 6= ε, of these Hopf algebras are such
that λ(g) = 0. The only exceptions are one unique partial action of H14 and also
one of H15. For these two specific partial actions, we note that there exists y ∈ Hi,
i ∈ {14, 15}, such that y is a (1, h)-primitive element and λ(h) = 0. Thus, by
Corollary 4.11, it follows that Hλ is not a Hopf algebra of H . 
dimensa˜o 16 dimensa˜o 8
H2
λ{1,g2}

H3
λ{1,g2}
**❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
H13
λ{1,g}
// A2
H12 = A2 ⊗ kC2
λ{1,g}=εA2⊗λ
kC2
{1}
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dimensa˜o 16 dimensa˜o 8 dimensa˜o 4
H20
λ{1,g2 ,g4,g6}
&&
H21
λ{1,g2,g4,g6}
// A′4
H23
λ{1,g,g2 ,g3}
88
H24
λ{1,g2,gh,g3h}
BB
H28
λ{1,g,g2 ,g3}
// A′′4
H29
λ{1,g2 ,gh,g3h}
88
H27
λ{1,g2,h,g2h}
❚❚
❚❚
❚❚
❚
))❚❚
❚❚
❚❚
❚
λ{1,g2h}

H17
λ{1,g,a,ga} ,,
λ{1,g,ab,gab} //
λ{1,g,b,gb}
22
λ{1,g}
❨❨❨
❨❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨
,,❨❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨❨
❨❨
A2,2
λ{1,g}
❚❚
❚❚
❚❚
❚❚
))❚❚
❚❚
❚❚
❚❚
H26
λ{1,g2,h,g2h}
❥❥❥❥❥❥
55❥❥❥❥❥❥❥❥
λ{1,h} // H4
H25
λ{1,g2,h,g2h}
✈
✈
✈
✈
✈
✈
::
✈
✈
✈
✈
✈
✈
✈
✈
✈
✈
✈
✈
✈
✈
λ{1,g,g2 ,g3} //
λ{1,g2}❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡
22❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡
λ{1,g2,gh,g3h}
22 A′′′4,q
λ{1,g2}
❦❦❦❦❦❦❦
55❦❦❦❦❦❦❦
H19
λ{1,g2,g4,g6}
❥❥❥❥❥❥❥
55❥❥❥❥❥❥❥
λ{1,g4}
BB
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